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Abstract

The droplet entrainment from a liquid ®lm is important to the mass, momentum, and energy transfer process in
annular two-phase ¯ow. For example, the amount of entrainment as well as the rate of entrainment signi®cantly
a�ect the occurrences of the dryout, whereas the post CHF heat transfer depends strongly on the entrainment and
droplet sizes. Despite the importance of the entrainment rate, there have been no satisfactory correlations available

in the literature. In view of these, correlations for entrainment rate covering both entrance region and equilibrium
region have been developed from a simple model in collaboration with data. Results show that the entrainment rate
varies considerably in the entrainment development region. However, at a certain distance from an inlet it attains an

equilibrium value. A simple approximate correlation has been obtained for the equilibrium state where entrainment
rate and deposition rate become equal. The result indicates that the equilibrium entrainment rate is proportional to
Weber number based on the hydraulic diameter of a tube. # 2000 Elsevier Science Ltd. All rights reserved.

1. Introduction

The droplet entrainment rate from a liquid ®lm is

important in analyzing heat and mass transfer pro-
cesses in annular two-phase ¯ow. Mass, momentum

and energy transfer processes are strongly a�ected by
the amount of droplets in the streaming gas [1,2]. The

amount of droplet entrainment is determined by the

integral balance between the droplet entrainment rate
and the droplet deposition rate. In particular, the accu-

rate knowledge of entrainment is indispensable for the
prediction of the dryout and post dryout heat transfer

[3±8] and the e�ectiveness of the emergency core cool-

ing in light water reactors [9±12].

Based on the mechanistic model of shearing o� of

roll-waves by the streaming gas, correlations for the

inception of droplet entrainment [13], amount of

entrained droplets for a steady state ¯ow [2], and

droplet size and its distributions [14] have been devel-

oped recently. As for a deposition rate of droplets in a

streaming gas, there have been many experimental and

theoretical works and satisfactory correlations have

been developed [1,15±28]. However, the process of the

entrainment seems more complicated and thus the

e�orts to develop a reliable entrainment rate corre-

lation have not been very successful. The lack of such

a correlation has been the main di�culty of a detailed

analysis of various phenomena in transient annular

two-phase ¯ow or in a post dryout regime. The main

objective of this paper is to develop a reliable corre-

lation for entrainment rate from the liquid ®lm. In the

case of LWR transients and accidents, annular ¯ow or
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droplet ¯ow may be encountered under various con-
ditions. Therefore, a general correlation covering a

wide range of ¯ow conditions including entrance e�ects
is highly desirable. As a ®rst step, an entrainment rate
correlation has been developed for relatively low vis-
cous ¯uid such as water where the entrainment of

droplets is generated mainly by the shearing-o� of
roll wave crests.

2. Previous works

In annular two-phase ¯ow for low viscous ¯uid
and for relatively high ®lm Reynolds number
�Refr160�, the mechanism of entrainment is basi-

cally the shearing-o� of roll wave crests by a highly
turbulent gas ¯ow [13,19].
Based on the modeling of this mechanism, an onset

of entrainment criterion [13] and a correlation for the
amount of entrained droplet [2] have been developed.
After establishing the basic parameters governing the

entrainment process, the correlation has been
obtained in collaboration with a large number of
data. In addition to being accurate under steady state

conditions, this correlation also indicated basic mech-
anisms of entrainment processes and parametric

dependencies. A correlation for entrainment in the
entrance region and for the necessary distance for the
development of entrainment have been obtained [2].
These supply valuable information on the process of

entrainment. Detailed reviews of the other corre-
lations for the amount of droplet entrainment have
been given by Hewitt and Hall-Taylor [1] and Ishii

and Mishima [2].
The amount of entrained droplets represents the

integral e�ects of the rate processes of entrainment

and deposition. Therefore, it is considered that the
amount of entrainment is a more stable parameter to
measure and correlate than the entrainment rate. How-

ever, the above discussed correlation is suitable to
quasi steady state conditions and under certain transi-
ent conditions its application can lead to considerable
errors. From this point of view, Hutchinson and Whal-

ley [31] and Whalley et al. [32] developed the entrain-
ment rate correlation. The deposition rate d can be
linearly related to the droplet concentration in the gas

core by

_d � kC �1�

Nomenclature

C Droplet concentration in gas core
C1 Equilibrium droplet concentration in gas

core
_d Droplet deposition rate
D Hydraulic diameter
E Fraction of liquid ¯ux ¯owing as droplet ��

jfe=jf�
E1 Equilibrium value of fraction entrained, E
g Acceleration due to gravity

jf Volumetric ¯ux of total liquid (super®cial
velocity)

jfe Volumetric ¯ux of droplets
jg Volumetric ¯ux of gas (super®cial velocity)

k Mass transfer coe�cient
Ref Total liquid Reynolds number
Re� Liquid ®lm Reynolds number

Reff1 Equilibrium ®lm Reynolds number
Reg Gas Reynolds number
v� Liquid ®lm velocity

vff1 Equilibrium liquid ®lm velocity
vfe Velocity of droplets
vg Gas velocity

We Entrainment Weber number de®ned by Eq.
(19)

Wf Total liquid mass ¯ow rate
Wfe Droplet mass ¯ow rate

z Axial distance from inlet

Greek symbols
a Void fraction

acore Fraction of gas core
ad Droplet fraction in the gas core
d Film thickness
_e Entrainment rate
_e1 Equilibrium entrainment rate
z Dimensionless distance given by Eq. (24)
mf Viscosity of liquid

mg Viscosity of gas
rf Liquid density
rg Gas density

Dr Density di�erence between liquid and gas
s Surface tension
ti Interfacial shear force

Subscripts

f Liquid phase
fe Liquid entrainment
� Liquid ®lm

g Gas phase
i Interface
1 Equilibrium
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where k is the mass transfer coe�cient and C is
the droplet mass concentration in the gas core.

Therefore, the entrainment rate has been related to
the equilibrium concentration C1 by

_e � kC1 �2�

Then the equilibrium concentration has been correlated
by

C1 � C1

�
tid
s

�
�3�

where ti, d and s are the interfacial shear, ®lm thick-
ness, and surface tension, respectively.
Although this correlation method is conceptually

right and is more mechanistic than the correlation for
the amount of entrainment, there are some di�culties
associated with it. The ®rst one is related to the devel-

opment of the correlation for the equilibrium concen-
tration C1: The data showed considerable scattering
which can be up to more than one order of magnitude,
particularly at small values of tid=s: This suggests that

a single dimensionless group used to correlate C1 is
not su�cient. Furthermore, in many entrainment ex-
periments such parameters as C1 and d are not

measured directly, thus some modeling to deduce data
to useful forms has been necessary.
Ueda [33] presented the entrainment rate correlation

in a similar manner as the above mentioned corre-
lation. His correlation is dimensional and given by

_e � 3:54� 10ÿ3
(
ti

s

�
jf
s

�0:60
)0:57

�4�

for

ti

s

�
jf
s

�0:60

r120 �5�

where _e is in kg/m2s, ti in N/m2. s in N/m and jf in m/
s. Although Eq. (4) correlates his experimental data, it
is dimensional and parameter �jf=s� is not based on

physical mechanisms of entrainment. Therefore, it is
expected that the correlation may not apply to general
cases.
It can be said that existing correlations for entrain-

ment rate are not satisfactory. However, the entrain-
ment and deposition rates are more mechanistic
parameters representing the true transfer of mass at

the wavy interfaces than the entrainment fraction. Par-
ticularly for analyzing the entrance and developing
¯ow regions or transient ¯ow, an accurate entrainment

rate correlation is indispensable. In view of the highly
reliable correlation for the amount of entrainment [2]
which has been developed previously from a simple

modeling, it has been thought that a su�cient under-
standing of the entrainment mechanism exists to

extend the model to the rate processes of entrainment.
Thus, an attempt has been made to develop an
entrainment rate correlation based on physical model-

ing in this study.

3. Basic equation for entrainment rate

For annular dispersed two-phase ¯ow one may write
the following mass balance equation at the interface

under steady state and without phase change con-
ditions.

_e � Drf jf
4

�
@E

@z

�
� _d �6�

where _e and _d are entrainment rate and deposition rate

per unit interfacial area (in kg/m2 s), respectively, and
z is a distance from inlet. E is the entrainment fraction
de®ned as

E � Wfe

Wf

� jfe
jf

�7�

where Wfe, Wf , jfe and jf are droplet mass ¯ow rate,

total liquid mass ¯ow rate, droplet volumetric ¯ux,
and total liquid volumetric ¯ux, respectively.
Deposition rate for the di�usion controlled depo-

sition process may be given approximately by

_d � kC �8�
where C is the droplet concentration in the core and k

is the mass transfer coe�cient. There have been many
theoretical and experimental works on the mass trans-
fer coe�cient k and several reliable correlations have

been developed [15±28].
Among these correlations the correlation of Namie

and Uneda [25,26] is the most general one when

droplets have no large initial velocity and are con-
trolled by turbulent di�usion. Their correlation is
based on detailed physical analysis of ¯ow structure,
turbulent di�usivity of gas and droplets, and e�ect of

droplet diameter. However, it is too complicated to
apply to the present analysis. The correlation of Paleev
and Filippovich [19] has similar functional form and

agrees well with the correlation of Namie and Ueda
[25,26] in average over droplet diameter. The former
can be regarded as the simpli®ed correlation of the lat-

ter. Therefore, in the present analysis, Paleev and Fili-
povich's correlation [19] is used. Their correlation is
given by
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k

jg
ÿ 0:022Reÿ0:25g

�
C

rf

�ÿ0:26�rg

rf

�0:26

�9�

where Reg � rgjgD=mg: On the other hand, the droplet
mass concentration C, which is the droplet mass per

unit mixture volume, is de®ned by the following ex-
pression.

C � rf

jfevg

jgvfe � jfevg

�10�

or by introducing the entrainment fraction E � jfe=jf ,

C � rfEjfvg=
ÿ
jgvfe

�
1� Ejfvg=

ÿ
jgvfe

� �11�

Assuming that the droplet velocity in the gas core is
approximately equal to the gas velocity, Eq. (11) can
be simpli®ed to

C � rf

E
jf
jg

1� E
jf
jg

�12�

In annular two-phase ¯ow, the liquid volumetric ¯ux is
much less than the gas volumetri ¯ux, that is

jf
jg
� 1 �13�

Furthermore, since E is between 0 and 1,

E
jf
jg
� 1 �14�

Then Eq. (12) is approximated by

C � rfE
jf
jg

�15�

From Eqs. (8), (9) and (15), the deposition rate corre-
lation can be simpli®ed to

_d

rf jf
� 0:022Reÿ0:25g

�
E
jf
jg

�0:74� jg
jf

��rg

rf

�0:26

� 0:022Reÿ0:26f

�mg

mf

�0:26

E 0:74 �17�

By substituting Eq. (17) into Eq. (6), the entrainment
rate becomes

_e � Drf jf
4

�
@E

@z

�
� 0:022rf jfRe

ÿ0:26
f

�mg

mf

�0:26

E 0:74 �18�

Eq. (18) indicates that knowing the entrainment frac-
tion distribution along the ¯ow direction, one can cal-

culate the entrainment rate. In the following sections,
entrainment rate is calculated from the existing

entrainment fraction correlation in collaboration with
experimental data.

4. Entrainment rate correlation

Ishii and Mishima [2] developed a correlation for
entrainment fraction based on the mechanistic model
of shearing-o� of roll wave crest by a streaming gas.

The fraction of liquid ¯ux ¯owing as droplets, E, is
correlated in terms of two dimensionless groups given
by:

Weber number for entrainment

We � rg j
2
gD

s

 
Dr
rg

!1=3

�19�

Total liquid Reynolds number

Ref �
rf jfD
mf

�20�

The entrained fraction reaches a quasi-equilibrium

value E1, at points far removed from the tube
entrance where the entrainment and deposition pro-
cesses attain an equilibrium condition. The distance
necessary to reach this condition is given approxi-

mately by

z � 440DWe0:25

Re0:5f

�21�

for cases with smooth liquid injection. At this entrance

length the entrainment has reached within about 2%
of its ultimate value. Then for the region
zr440DWe0:25=Re0:5f the correlation becomes

E � E1 � tanh
ÿ
7:25� 10ÿ7We1:25Re0:25f

� �22�

This correlation has been compared to many exper-

imental data for air±water systems in the ranges of 1 <
p < 4 atm, 0:95 < D < 3:2 cm, 370 < Ref < 64000, and
jg < 100 m/s, and the result has shown to be satisfac-
tory. The various parametric dependencies have been

explained in terms of physical mechanisms.
Some experimental data indicated the strong

entrance e�ect as well as the gas expansion e�ect due

to the axial pressure drop in a low pressure system.
For the correlation development it was essential to use
a local gas velocity or volumetric ¯ux based on a local

pressure in evaluating data. By separating these two
e�ects, an additional correlation for the entrance e�ect
on entrainment have been developed. As mentioned
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above, the entrance region is given by 0 < z <
440DWe0:25=Re0:5f : The correlation takes a typical form

of an exponential relaxation, and it essentially reaches
the quasi-equilibrium value given by E1 for large
values of z. Thus, for the case of liquid being injected

smoothly as a ®lm at inlet, the entrainment develops
according to

E �
ÿ
1ÿ exp

ÿ
ÿ 1:87 � 10ÿ5z2

��
E1 �23�

Here z is the dimensionless distance given by

z � �z=D�Re
0:5
f

We0:25
�24�

Because of the nature of the above equation this corre-
lation is not limited to the entrance region, but it can
be used as a general correlation everywhere. A number
of data from the entrance region have been successfully

correlated by this expression.
The above entrainment fraction correlation can be

used to evaluate the value of E as well as the depen-

dency of E on z in Eq. (18). Thus by substituting Eq.
(23) into Eq. (18), one obtains

_e � 0:935� 10ÿ5z exp
ÿ
ÿ 1:87

� 10ÿ5z2
�
rf jfRe

0:5
f Weÿ0:25E1

� 0:022rf jfRe
ÿ0:26
f

�mg

mf

�0:26

E 0:74
1

�
ÿ
1ÿ exp

ÿ
ÿ 1:87� 10ÿ5z2

��0:74
�25�

Fig. 1 shows entrainment rate calculated by Eq. (25)
for air±water systems and We � 2000 and Ref �
100±10,000: In the above correlation, the entrainment

rate is expressed in terms of the operational conditions
and the distance from the entrance. However, for a
truly universal entrainment rate correlation, it is desir-

able that the _e is expressed by local ¯ow conditions
alone rather than by a combination of the operational
conditions and the axial location. For this purpose sev-

eral modi®cations are made on the above equation by
taking account of some important limiting conditions.
By considering a quasi-equilibrium region where

z < 1, the above equation can be reduced to the ex-

pression for equilibrium entrainment rate _e1 as

_e1 � 0:022rf jfRe
ÿ0:26
f

�mg

mf

�0:26

E 0:74
1 �26�

By rearranging the above equation, one can obtain

_e1D
mf

� 0:022Re0:74f

�mg

mf

�0:26

E 0:74
1 �27�

Since _e1 is the mass ¯ux normal to an interface due to
entrainment, _e1D=mf can be considered as the entrain-

ment Reynolds number.
The above equation shows that the rate of entrain-

ment depends on the total liquid Reynolds number,

viscosity ratio, and entrainment fraction E1: The frac-
tion of entrainment under a quasi-equilibrium con-
dition is given by Eq. (22) which shows the

dependence of E1 on We and total liquid Reynolds
number Ref . However, it is also possible to interpret
the existence of E1 in Eq. (27) as representing the

local dynamical condition at the interface. In that case,
it is more meaningful to rewrite the expression for E1,
Eq. (22), in terms of the local ®lm Reynolds number
de®ned by

Reff � rf jffD

mf

�28�

where j� is the ®lm liquid volumetric ¯ux. Since by
de®nition jf � jfe � jff and jff � jf�1ÿ E �, one obtains

Reff1 � Ref�1ÿ E1� �29�

and

Reff � Ref�1ÿ E� �30�

where 1 denotes the equilibrium condition.
By substituting Eq. (29) into Eq. (22),one gets

E1 � tanh
�
7:25� 10ÿ7We1:25Re0:25ff1=�1ÿ E1�0:25

�
�31�

Thus

7:25� 10ÿ7We1:25Re0:25ff1 �
1

2
�1ÿ E1�0:25ln

�
1� E1
1ÿ E1

�
�32�

However, it is easy to show that the right-hand side of
Eq. (32) can be approximated as

1

2
�1ÿ E1�0:25ln

�
1� E1
1ÿ E1

�
� 0:9355E1 �33�

for a wide range of E1 from 0 up to 0.97. Then, from
Eqs. (32) and (33) one obtains

E1 � 7:75� 10ÿ7We1:25Re0:25ff1 �34�

By eliminating E1 between Eqs. (27) and (34), the rate
of entrainment becomes

_e1D
mf

� 6:6� 10ÿ7Re0:74f Re0:185ff1 We0:925
�mg

mf

�0:26

�35�

The above correlation shows that the entrainment rate
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depends on the total liquid Reynolds number, local
®lm Reynolds number, local Weber number based on
the hydraulic diameter, and the viscosity ratio. This

correlation has been developed from the equilibrium
entrainment fraction and deposition rate correlations.
Although these correlations are based on steady state

data, several observations can be made. Except at the
entrance region, the entrainment and deposition pro-
cesses may be considered as local phenomena which

can be determined by the local parameters. Hence, if
the rate correlations are expressed in terms of local
parameters such as the local ®lm Reynolds number

and droplet mass concentration, it is expected that
these correlations may be extended to nonequilibrium
or unsteady conditions.

Based on this hypothesis which is commonly
accepted except in very rapid transient situations, the

equilibrium entrainment rate correlation is extended to
more general case except at the entrance region. Thus,
replacing _e1 by _e in Eq. (35), the general entrainment

rate correlation is given by

_eD
mf

� 6:6� 10ÿ7Re0:74f Re0:185ff We0:925
�mg

mf

�0:26

�36�

for regions away from the entrance, i.e., z >
440DWe0:25=Re0:5f :
The above correlation indicates that the entrainment

rate is roughly proportional to the e�ective Weber
number based on the hydraulic diameter and to the
liquid Reynolds number. These appear to correctly

re¯ect the true physical mechanism of entrainment.
The entrainment under consideration is caused by
shearing-o� of roll wave crests by gas core ¯ow. There-

Fig. 1. Entertainment rate calculated by Eq. (25) for We � 2000, Ref � 100±10,000, and D � 0:01m in air±water system at 208C,
1 atm.
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fore, it is expected that the entrainment rate is pro-
portional to an interfacial drag force or to j 2g: The

drag force is also proportional to roughness of the
interface or the wave amplitude which may be related
to the liquid Reynolds numbers. The correlation given

by Eq. (36) indicates that _e0Re0:925f when the entrain-
ment fraction is small. However, as the entrainment
increases the liquid ®lm Reynolds number should

decrease. The expected decrease in the entrainment
rate as the ®lm becomes thinner is re¯ected on the
dependence of _e on Re�. At the limiting case of

Reff40, the correlation predicts the right limit of
_e40:
Although, as a ®rst approximation, Eq. (36) can

also be used in the entrance region, a more careful

study on the transient and memory e�ects are needed.
From this point of view, the entrainment rate in the
entrance region and the validity of this correlation in

the entrance region are studied in the next section.

5. Entrainment rate in entrance region

5.1. General formulation of entrainment rate

The correlation for entrainment at the entrance sec-

tion given by Eq. (25) is developed for the case of the
smooth injection of liquid as a ®lm. In this particular
case, the amount of entrainment gradually increases

from zero to the equilibrium value with the distance
from the inlet. From this entrainment correlation the
rate of entrainment can be obtained. Although this

rate applies only to the case with excess liquid on the
®lm, compared to the equilibrium condition, the gener-
alization of the model can be possible and will be dis-
cussed later.

From Eq. (23) the nondimensional distance par-
ameter z can be expressed in terms of E=E1 as

B � 231

���������������������������������
ln

�
1

1ÿ E=E1

�s
�37�

by eliminating z in Eq. (25) in view of Eq. (37), and
using Eq. (34), one obtains

_eD
mf

� 1:67� 10ÿ9Re1:5f Re0:25ff1We

�����������������������������
ln

1

�1ÿ E=E1�

s

�
�
1ÿ E

E1

�
� 6:6� 10ÿ7Re0:74f Re0:185ff1

�We0:925
�mg

mf

�0:26� E

E1

�0:74

�38�

As shown in Fig. 1, because of the existence of the

®rst term on the right-hand side, Eq. (38) gives much
higher values of the entrainment rate than Eq. (36) for

large Ref and We in the entrance region where
E=E1 < 1: This ®gure is the contribution of the ®rst
term of the right-hand side of Eq. (38). It is attributed

to excess kinetic energy of the ®lm over the equi-
librium state discussed later. The above rate cor-
relation is a rather complicated function of E=E1,
therefore, some modi®cations are made to obtain a
simpli®ed correlation in the entrance region. By con-
sidering the entrainment rate in the entrance region,

where E=E1 < 1, as a function of E=E1, one can
assume the following functional form for the entrain-
ment rate.

_eD
mf

� f�E=E1� �
�

_eD
mf

�
1

�39�

where the equilibrium rate is given by Eq. (36).
Since _e approaches _e1 when E=E141, f �E=E1�

must approach zero as E=E1R1: Furthermore,

f �E=E1� is an additional term which should appear
only for an entrance region where E=E1R1: In other
words, f �E=E1� should be zero when the entrainment

exceeds that of the equilibrium value. Hence�
f�E=E1� � 0 for E=E1 > 1
f �1� � 0

�40�

The above two conditions can be explained in terms of
the entrainment mechanisms as follows. When the
liquid ®lm ¯ow is above the equilibrium value, i.e.,

Reff > Reff1, there is an extra entrainment force in ad-
dition to the equilibrium rate expressed by Eq. (36).
The excess liquid ¯ow in the ®lm or �Reff ÿ Reff1� acts
as a driving force to promote the entrainment.
The exact form of the function f �E=E1� based on

the entrainment correlation of Ishii and Mishima [2] is
derived from Eqs. (23), (24) and (34) and is given by

f�E=E1� � 1:67� 10ÿ9Re1:5f Re0:25ff1

�We

�����������������������������
ln

1

�1ÿ E=E1�

s �
1ÿ E

E1

� �41�

Several observations can be made with respect to Eq.

(41). The function f �E=E1� is zero at E = 0 and E1
has a maximum at E=E1 � 0:4: Thus

max� f � � 0:718� 10ÿ9Re1:5f Re0:25ff1We �42�

This occurs at z � 160: It indicates that the extra
entrainment force is very small for extremely low
values of E. Some experimental data support the exist-

ence of this very small value of f �E=E1� at the vicinity
of the inlet as shown in the following discussion of ex-
perimental data. This low level of entrainment at high

I. Kataoka et al. / Int. J. Heat Mass Transfer 43 (2000) 1573±1589 1579



liquid ®lm ¯ow at the entrance may be attributed to
the ®nite distance needed for the development of inter-
facial waves and entrainment. However, because of
this, the entrainment mechanism in this region is

strongly dependent on the geometry of the inlet itself.
In view of the above, the vicinity of the inlet is neg-

lected in the following simple model development. It is

assumed that the function f �E=E1� takes the maxi-
mum value at E=E141 and the function is approxi-
mated by the following form.

f�E=E1� �8><>: 0:718� 10ÿ9Re1:5f Re0:25ff1We

�
1ÿ E

E1

�2

for E=E1R1

0 for E=E1R1

�43�

This form indicates that the driving force for this extra
entrainment is �1ÿ E=E1�2: Thus the value of

f �E=E1� is higher for a larger deviation of E from the
equilibrium value E1:
Substituting Eqs. (36) and (43) into Eq. (39), and

using the relation Reff � Ref�1ÿ E �, one ®nally
obtains the entrainment rate correlation for E=E1R1
given by

Fig. 2. @E@ z DWe0:25=E1Re0:5f vs. z for the data of Cousin et al. [18] and Gill et al. [17].

Fig. 3. Entertrainment rate for the data of Cousion et al. [18]

at We � 1414 and Ref � 462±4288:
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_eD
mf

� 0:72� 10ÿ9Re1:75f We�1ÿ E1�0:25

�
�
1ÿ E

E1

�2

� 6:6� 10ÿ7�RefWe�0:925

�
�mg

mf

�0:26

�1ÿ E�0:185

�44�

and for E=E1 > 1 by

_eD
mf

� 6:6� 10ÿ7�RefWe�0:925
�mg

mf

�0:26

�1ÿ E�0:185 �45�

where E1 is given by Eq. (31)

However, from Eqs. (29), (30) and (31), it can be
shown that�
1ÿ E

E1

�
� Reff ÿ Ref1

7:75� 10ÿ7We1:25Re0:25ff1Ref

�46�

where Re� and Reff1 are the local ®lm Reynolds num-
ber and the equilibrium ®lm Reynolds number, re-
spectively. Hence by substituting Eq. (46) into Eq. (44)

the entrainment rate correlations can be expressed in

terms of the liquid ®lm Reynolds numbers as follows.
For ReffrReff1

_eD
mf

� 1:2� 103Reÿ0:5f Reÿ0:25ff1 Weÿ1:5�Reff ÿ Reff1�2

� 6:6� 10ÿ7Re0:74f Re0:185ff We0:925
�mg

mf

�0:26
�47�

And for Reff < Reff1

_eD
mf

� 6:6� 10ÿ7Re0:74f Re0:185ff We0:925
�mg

mf

�0:26

�48�

The ®rst expression applies to the case when the
amount of entrainment is below the equilibrium value,

whereas the second expression appliers to the case for
E > E1: The extra entrainment rate over the equili-
brium rate is given by the ®rst term of the right-hand

side of Eq. (47). It is proportional to �Reff ÿ Reff1�2
and, therefore, this quantity roughly represents the ad-
ditional driving force for entrainment through the

excess kinetic energy of the ®lm over the equilibrium
state. The results seem to be appropriate, since the
more the excess kinetic energy is, the more intense the

Fig. 4. Entertrainment rate for the data Cousins et al. [18] at

We � 2199 and Ref � 462±4288:

Fig. 5. Entertrainment rate for the data of Cousins et al. [18]

at We � 3180 and Ref � 462±4288:
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turbulent level at the interface. This should then lead
to an increased entrainment rate when the excess liquid

is ¯owing as a ®lm, i.e., ReffrReff1:

5.2. Entrance e�ect and experimental data

As indicated by Eq. (18), entrainment rate is
obtained by knowing the entrainment amount as a

function of the axial distance from the inlet. Cousins
et al. [18], Gill and Hewitt [20], and Gill et al. [17]
carried out the experiments in which amount of

entrainment was measured at various positions from
the inlet with relatively smooth injection of liquid as
a ®lm [17,18] and with injection of droplets through
an axial jet [20]. The amount of entrainment was

found to be very sensitive to the inlet conditions.
Entrainment rate in the entrance region is considered
to be quite di�erent when inlet conditions are di�er-

ent. Because of the di�erences in the liquid ®lm thick-
ness, the development of the roll wave in the ®lm are
supposed to be considerably di�erent, with di�erent

inlet conditions.
In collaboration with the data of Cousins et al.

[18] and Gill et al. [17], and Eq. (18) the entrainment

rate with smooth injection of liquid as a ®lm are
obtained. In calculating @E

@ z , the gas expansion e�ect

due to axial pressure drop should be carefully distin-
guished from the entrance e�ect itself. Therefore, the
following procedure of calculation was taken. The

amount of entrainment is a function of z and jg
which is a function of z because of gas expansion
e�ects. Then

E � E
ÿ
z, jg�z�

� �49�

Di�erentiating Eq. (49), one obtains

dE

dz
� @E

@z
� @E
@ jg

djg
dz

�50�

@E

@z
� dE

dz
ÿ @E
@ jg

djg
dz

�51�

The right-hand side of Eq. (51) can be calculated by
measured entrainment amount and measured pressure

drop along the axial position.
Fig. 2 shows @E=@z calculated by numerically di�er-

entiating the data of Cousins et al. [18] and Gill et al.

Fig. 6. Entrainment rate for the data of Cousins et al. [18] at

We � 4329 and Reff � 462±4288:

Fig. 7. Entertrainment rate for the data of the Gill et al. [17]

at We � 9602 and Ref � 5046:
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[17]. The solid line in Fig. 2 represents the derivative
of Ishii and Mishima's correlation [2] which is given by

@E

@z
DWe0:25

E1Re0:5f

� 3:47� 10ÿ5zexp
ÿ
ÿ 1:87� 10ÿ5z2

�
�52�

Although considerably scattered, the data show the

general trend predicted by Eq. (52). This scatter
comes from the numerical di�erentiation of the
data. As already shown in Ref. [2], the integrated

form of Eq. (52), that is Eq. (23), agrees well with
the integrated value of the data (entrainment
amount).

Figs. 3±7 show some of the entrainment rates

obtained from the experimental data of Cousins et

al. [18] and Gill et al. [17]. The entrainment rate

increases with increasing liquid Reynolds number

and with increasing e�ective Weber number. As for

the entrance e�ects, the entrainment rate increasing

with decreasing E=E1: This tendency is more emi-

nent for larger Ref and We. Solid lines in Figs. 3±7

represent Eq. (44) or (47). Although data scatters con-

siderably due to the numerical di�erentiation, the pre-

sent correlation well reproduces the experimental

trends.

Figs. 8±12 show the comparison of the entrain-

ment rate obtained from the experimental data of

Fig. 8. Comparision of experimental entertrainment rate with Eq. (44) for the data of Cousins et al. [18] at We � 1414 and

Ref � 369±4288:
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cousins et al. [18] and Gill et al. [17] with those pre-
dicted by Eq. (44). In the ranges of Ref from 273 to
5041, We from 1414 to 9602, and diameter from
0.0095 to 0.032 m, most of the data fall within 240%

of Eq. (44) or (47).
Now that entrainment rate correlation equation

(44) is obtained, one can calculate entrainment

amount by integrating the rate equation which is
given by

�
@E

@z

�
� 4

Drfjf

ÿ
_eÿ _d

�
�53�

Substituting Eqs. (17) and (47) into Eq. (53), one
obtains for ReffrReff1

@E

@ �z=D� � 4:8� 103Reÿ1:5f Reÿ0:25ff1 Weÿ1:5

��Reff ÿ Reff1�2�2:64� 10ÿ6Reÿ0:26f Re0:185ff We0:925

�
�mg

mf

�0:26

ÿ0:088 Reÿ0:26f

�mg

mf

�0:26�
1ÿ Reff

Ref

�0:74

�54�

And for Reff < Reff1

@E

@ �z=D� � 2:64� 10ÿ6Reÿ0:26f Re0:185ff

�We0:925
�mg

mf

�0:26

ÿ0:088Reÿ0:26f

�mg

mf

�0:26

�
�
1ÿ Reff

Ref

�0:74

�55�

Fig. 9. Comparision of experimental entertainment rate with Eq. (44) for the data of Cousins et al. [18] at We � 1414 and

Ref � 368±4288:
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These equations can be rewritten in terms of E as fol-
lows. For E=E1R1

@E

@ �z=D� � 2:87� 10ÿ9Re0:5f Re0:25ff1We

�
1ÿ E

E1

�2

� 2:64� 10ÿ6Reÿ0:075f We0:925
�mg

mf

�0:26

� �1ÿ E�0:185ÿ0:088Reÿ0:26f

�mg

mf

�0:26

E 0:74

�56�

and E=E1 > 1

@E

@ �z=D� � 2:64� 10ÿ6Reÿ0:075f We0:925
�mg

mf

�0:26

� �1ÿ E�0:185ÿ0:088Reÿ0:26f

�mg

mf

�0:26

E 0:74

�57�

Fig. 13 shows the comparison of experimental data of
Cousins et al. [18] to the predicted amount of

entrainment with the initial condition of E � 0 at
z=D � 0: Except at small Reynolds numbers, the inte-
gration of Eq. (54) well reproduces the experimental

data. For small Reynolds numbers, however, the ex-
perimental data show that it takes a certain distance
to inception of entrainment. For the case with the

smooth injection of liquid as a ®lm, it should take a
certain time for roll waves to grow su�ciently to
reach the inception of entrainment. The time required

Fig. 10. Comparison of experimental rate with Eq. (44) for the data of Cousins et at. [18] at We � 3180 and Ref � 273±4288:
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should be related to the growth rate of roll wave and

the growth rate to some power of Ref=
�������
We
p

as dis-

cussed previously [2]. Therefore, the distance from the
inlet without entrainment should be inversely pro-

portional to some power of Ref=
�������
We
p

: The exper-

imental data indicate this trend also at least in the

turbulent ®lm ¯ow regime.

Fig. 14 shows the comparison of the experimen-

tal data of Gill et al. [17,20] to the predicted

amount of entrainment. In their experiment, liquid

is introduced by smooth injection as a ®lm �E � 0
at z=D � 0� or by injection of droplets through an

axial jet �E � 1 at z=D � 0� under the same ¯ow

condition. In the case of the smooth injection of

liquid, the experimental data agree well with the

prediction shown as the solid line. However, in the
case of droplet injection, there is a considerable

discrepancy between experimental data and the pre-

diction based on the boundary condition of E � 1

at z=D � 0, shown by the broken line. The exper-

imental data shows there is an abrupt decrease in
E between z=D � 0 and z=D � 20: In this very

vicinity of the inlet, the deposition mechanism can

be quite di�erent from the di�usion process of

droplets which is dominant in the down stream

section. The direct droplet impingements and depo-

sition due to the initial droplet momentum at the
inlet should play a very important roll in this sec-

tion [34]. It appears that if the entire liquid is

introduced into a system as droplets, this initial

deposition rate is very large. Furthermore, it is

expected that the rate is strongly dependent on the

geometry of the inlet. If this very vicinity of the

inlet is excluded, the present model gives reason-
able agreement with the data. This can be shown

by changing the initial condition from E � 1:0 at

Fig. 11. Comparision of experimental entertainment rate with Eq. (44) for the data Cousins et at. [18] at We � 4329 and

Ref � 273±4288:
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z � 0 to E � 0:711 at z=D � 20: The result shown
in Fig. 14 as a dotted line seems to be quite sat-
isfactory.

The rough estimate of this geometry dependent inlet
section can be obtained from the previously developed
correlation for the amount of entrainment. It is
thought that the full entrainment process is reached

when the above mentioned entrainment rate function
f �E=E1� reaches to its maximum value (see Eq. (41)).
From this, the geometry dependent inlet region is

given by

0RzR160DWe0:25Reÿ0:5f �58�

The comparison of the data to the above inequality
indicates that it gives a reasonable criterion. However,
at very small Reynolds numbers, the phenomena
seems to be more complicated than that predicted by

Eq. (58).

6. Summary and conclusions

A correlation for the rate of entrainment in annular
¯ow has been developed from a simple model and ex-

perimental data. The previously developed correlation
for the amount of entrainment has been used as a

basis of the present study. The amount of entrain-

ment represents the integrated e�ect of the local rate
processes of entrainment and deposition. The entrain-

ment rate and deposition rate are more mechanistic

parameters representing the true transfer of liquid
mass at the wavy interfaces than is the entrainment

amount. However, because of that these rates are

much more di�cult parameters to measure and corre-
late.

The present correlation indicates that the entrain-

ment rate depends on the total liquid Reynolds num-

ber, Weber number, equilibrium entrainment fraction
E and entrainment fraction E or the local ®lm Rey-

nolds number. These correlations are compared to a

number of experimental data both in terms of the
entrainment rate and entrainment fraction. The

results are shown to be satisfactory both in the

developing region and fully developed entrainment
region.

The present model is based on the previously devel-

oped criteria for the onset of entrainment and the

correlation for the entrainment fraction. Since these
are developed from a simple model based on the

Fig. 12. Comparision of experimental entrainment rate with Eq. (44) for the data for the data of Gill et at. [17] at We � 9602 and

Ref � 5041:
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force balance at the wavy interface, the present corre-
lation for entrainment rate indicates basic mechanisms

of entrainment processes and parametric dependencies
in addition to being accurate. The entrainment rate
correlation in the developing region is completely

new. Therefore, the present results supply very valu-
able information which has not been available pre-
viously.
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